Abstract-A full vector beam propagation method based on the split-operator approach is developed for 3-D z-dependent structures. The inherent coupling of the three electric field components found in the vector wave equation, which stems from the variation of the refractive index along the axialẑ direction, is fully taken into consideration. Three distinct procedures are proposed for the numerical implementation based on the FFT, Padé approximation, and alternating direction implicit (ADI), respectively. Typical integrated optics applications are considered in order to verify and assess the applicability of the method.
I. INTRODUCTION
T HE beam propagation method (BPM) is the most wellsuited numerical method for analyzing complex photonic devices. The major concept is the development of a formula that permits the propagation of an initial field distribution along the axial direction by steps of sufficiently small length.
The BPM is spanning a period of approximately twenty years. Early publications were focused on the solution of the scalar paraxial wave equation by means of the FFT [1] , [2] . The introduction of finite differences (FD's) within the framework of the BPM led to more refined schemes with increased efficiency and broader applicability [3] - [8] .
The most serious drawback encountered so far was the complete absence of the vector characteristics that are inherent in light propagation through inhomogeneous and/or anisotropic media. This was partly removed by the semi-vectorial BPM (SVBPM) that distinguishes two orthogonal but otherwise completely uncoupled states of polarization (TE and TM) [9] - [12] .
The first approach to consider the vectorial nature of light was presented in [13] via a FD Crank-Nicolson scheme. Eventhough, the formulation framework was quite general, the applicability was restricted only to planar straight waveguides. Other early vector BPM's (VBPM's) have been developed based on explicit FD's [14] , the split-operator approach combined with FFT [16] , and the transverse magnetic field formulation [17] . Vector mode calculations were also performed by using the VBPM in conjunction with propagation along a fictitious imaginary axis [18] Lanczos reduction [19] , [20] . Moreover, three-dimensional VBPM based on FD's that utilized the ORTHOMIN algorithm [11] , [15] , [21] and a joint FFT-FD VBPM scheme [22] have been demonstrated. It should be noted that some scalar as well as vector BPM are prone to numerical errors, instabilities, and convergence problems. In particular, the analysis of longitudinally varying structures by the iterative Lanczos reduction usually results in heavy numerical dissipation, decreased accuracy, and excessive computational effort [12] , [20] .
In the aforementioned VBPM approaches, the coupling between the transverse components is fully taken into consideration while the coupling between the transverse and axial components, which is a consequence of the refractive index variation along the axial direction, is ignored. It is apparent that this coupling disappears only when waveguide typeinvariant) structures are considered. The main scope of this paper is to incorporate this additional coupling in a VBPM scheme which uses the split-operator approach. Four different types of operators are identified and enforced in every single propagation step. Three actual numerical implementations are developed. The first one is an extension of the joint FFT-FD scheme, the second one is an all FD scheme based on the Padé approximation for the free-space operator, and, the third one is build upon the alternating direction implicit (ADI).
The numerical application section treats a Y-junction structure with a rib waveguide profile that is a fundamental building block in integrated optics. Results based on the three numerical alternatives are given and they are further compared to the ones obtained in previous publications.
II. MATHEMATICAL FRAMEWORK
The mathematical formulation is based on the vector wave equation which stems from the Maxwell's equations:
The quantity is the free-space wavenumber whereas is the relative dielectric constant which describes the waveguiding structure under study. No approximation is made in deriving (1) . The harmonic time dependency is suppressed from all expressions. A major approximation that greatly simplifies the mathematical formulation is to assume that the term -which is present in the right-hand side of (1)-is very small compared to the transverse term and therefore it 0018-9197/97$10.00 © 1997 IEEE is neglected. Under this condition, the components and are decoupled from [21] , [22] . The main objective of this publication is to incorporate this missing term, thus retaining the coupling between all three field components. The vector wave equation described by (1) is equivalent to the following scalar equations:
The slowly varying envelope approximation is taken into consideration: (3) where stands for the reference wavenumber and it is assumed that Therefore, (2a)-(2c) result in the paraxial vector wave equations which are written in compact form as follows:
The elements as well as the functions and are defined through
A formal solution can be written for (4a) acquiring the following form: (9) where . Equation (9) is further simplified if we assume that the vector has a slow variation over the interval and therefore it is approximately equal to . Under this moderate assumption and the application of the trapezoid rule, (9) is transformed to (10) In order to obtain a numerically feasible scheme, the matrix is split into a sum of matrixes, each of them corresponding to a different operator with a clear physical interpretation. The following splitting and symmetrization is proposed [22] : (11) The aforementioned matrixes are defined through (12) (13) (15) and (14), shown at the bottom of the next page.
The corresponding physical interpretation of each matrix is outlined below:
propagation in a homogeneous medium with refractive index over distance equal to ; cross coupling between the transverse components of the electric field, which is always present regardless of any axial variation of the refractive index; phase adjustment (correction) due to the presence of inhomogeneity, which closely resembles the application of a thin lens effect; polarization rotation due to structure. The exponential which appears in (9)- (10), under the split-operator approach of (11) and taking into consideration the -dependent nature of can finally admit the following form:
Equation (16) results from the application of the trapezoid rule, but special attention should be given to the correct placement of the operators associated with matrix The operators of this matrix should appear as a mirror image (i.e., in reverse order) to the expansion of (11) . This symmetrization of operators is a mature technique which is followed in most scalar as well as vector beam propagation schemes associated with the split-operator approach.
Each step of the proposed beam propagation scheme regarding the transverse field is composed of the cascaded application of the eight operators which are present in the right-hand side of (16) . The numerical procedures associated with the numerical implementation of each operator are analyzed in the following section.
When the transverse field computation at plane is completed, we proceed to the calculation of the corresponding axial component. Euation (4b) can be discretized with a standard implicit Crank-Nicolson scheme [5] with scheme parameter . If the notation is used, then (4b) results in a sparse (pentadiagonal) linear system of equations with respect to the field component:
where (18) The stability of the linear system of (17) is investigated by applying the von Neumann (Fourier series) method. Even though the von Neumann method is valid only when the coefficients of the partial differential equation under study are constants, it can be applied locally leading to useful results. If this approach is followed, one can conclude that the linear system is unconditionally stable as far as the scheme parameter satisfies the inequality [10] and further the medium does not exhibit any axial variation. In the case of axial variation, it is not necessary that the inequality still holds and the Crank-Nicolson scheme with parameter may be more unstable than the fully implicit scheme corresponding to . The linear system can be solved with the aid of an iterative technique such as the successive over relaxation (SOR) technique. As the linear system is diagonal, dominant fast convergence is ensured.
We can now summarize the procedure which is followed within each propagation step. The transverse electric field is computed through the application of (10)- (16) which involves the four predefined types of operators. Once the transverse field has been determined at planes and we proceed to the solution of the linear system of (17) in terms of the axial component for the plane. The magnetic field vector is computed from the rotation of the electric field vector and the guided power is obtained by applying Poynting's theorem.
III. NUMERICAL PROCEDURES
The numerical procedures associated with the application of (10) and (16) and the actual implementation of each operator will be concisely outlined in this section.
A. Procedure I (FFT Based)
The effect of the operator which corresponds to a propagation in a homogeneous medium of refractive index can be evaluated in the Fourier transform space with the aid of FFT. The transverse field is expanded in a 2-D Fourier series via the application of the FFT and each spectral component is propagated in a homogeneous medium [22] .
The second operator, which corresponds to a complex coupling between the transverse field components, involves quantities that vary with space as well as derivatives with respect to the transverse coordinates. A direct implementation of this operator can be based on the Taylor's series expansion [23] of : (19) The upper limit in the summation of (19) is set to a small integer ( 3 or 4) which is usually adequate for most cases encountered. The operators arising in the right-hand side of (19) are evaluated by invoking central FD's. (14) The contributions of the third and fourth operators, and which stand for the phase adjustment due to inhomogeneity and to the polarization rotation owing to structure, respectively, are evaluated directly in the real space as they involve only spatial quantities and they are directly enforced upon the sampled values of the electric field.
Due to the transverse periodicity, which is inherently imposed by the application of the FFT, this computational procedure can be used only in conjunction with artificial absorbing layers which are placed to the edges of the computational window to suppress the unwanted reflections. The parameters that describe the artificial absorbing layers (absorber strength, dimensions) are problem specific and, therefore, fine tuning is necessary for every different waveguiding geometry.
B. Procedure II (Padé Based)
Alternatively, the homogeneous propagation operator can be evaluated by utilizing a rational approximation. Specifically, the two transverse electric field components are independently propagated according to the Padé (1,1) approximation [4] , [9] which is locally one-dimensional: (20) The numerator of (20) is equivalent to two sparse matrix multiplications, whereas the denominator is equivalent to the solution of two sparse (tridiagonal) linear systems of equations, along the lines and columns of the computations grid, respectively. To prevent the unwanted reflections from the edges of the computational window, transparent boundary conditions (TBC) are used [24] which are found to be robust as well as problem independent without increasing the overall computational burden.
C. Procedure III (ADI Based)
The homogeneous propagation operator and the phase adjustment operator can be further concatenated and the Alternating Direction Implicit (ADI) formula [9] can be applied to encounter for both. The ADI operator is enforced upon the component according to the formula where (22) The ADI formula is well suited for -dependent structures resulting in enhanced efficiency and accuracy. Again, TBC can be used with excellent performance [24] , [25] .
IV. NUMERICAL APPLICATIONS
A standard structure found in integrated optics is analyzed to verify the applicability of the proposed -dependent VBPM. The structure under study is a 40 m long Y-junction with a rib waveguide profile (cross section) as shown in Fig. 1 mode of the isolated waveguide [18] , [22] . The mode profile is depicted in Fig. 2(a)-(c) for the three components. The electric field distribution emerging from the Y-junction 40 m is given in Fig. 3(a) -(c) when the numerical procedure I (FFT) is followed. The computational window was set to 12.8 m 12.8 m and 128 discretization points were considered along each transverse direction. The axial step was set to 0.04 m and the controlling parameter of the Crank-Nicolson scheme in (17) was chosen in the interval [0.65, 0.9]. A 10-point artificial absorbing layer was placed to the four edges of the computational window adding a maximum negative imaginary part of 3.12 to the squared refractive index. The variation of this negative imaginary part is ruled by a raised cosine function. In Fig. 4(a)-(c) , the electric field distribution emerging from the same Y-junction 40 m is given, when the numerical procedure III (ADI) is followed. All parameters acquire the same values as in Fig. 3 except for the axial step that was set to 0.1 m. TBC's were enforced along the edges of the computational window [24] to suppress the numerically generated reflections that will otherwise downgrade the solution obtained. to 0.5 are avoided, as they are usually associated to numerical instabilities.
The vector correlation factor of the electric field distribution at the output of the Y-junction is calculated via (24) where is a reference electric field and is the corresponding magnetic field. The correlation factor has the meaning of an overlap integral showing the similarity or projection of the BPM propagated field to the reference field.
The lowest order mode which is used as initial excitation will serve as the reference field due to the fact that it represents both the propagating local normal mode and the actual mode propagating down the branches of the Y-junction after a sufficiently large axial distance. Values of the correlation factor computed by different methods are tabulated in Table I . They present very good agreement with values from previous works, the difference of the methods taken into account.
In all three procedures, the relative dielectric constant of every grid point has been replaced by the numerically computed transverse average over the four cells located closest to the given grid point [3] .
The consistency of the three proposed numerical procedures is further checked by computing the total guided power at the [9] 0.5877 0.5266 SV BPM-Lanczos [12] 0.5648 0.5288 SV WA BPM [26] 0.753 0.605 plane 80 m as a percentage of the initially launched power at the plane 0. These numerical results are given in Table II for both states of polarization. Some numerical instabilities or high-frequency oscillations in field patterns which might be present [27] can be suppressed by introducing within each propagation step a small amount of propagation-less than one hundredth of the axial step -along an imaginary axis. This fictitious imaginary propagation effectively eliminates the unwanted oscillations and stabilizes the field patterns. Special attention is given to restore the actual guided power which is affected by the presence of this imaginary propagation by enforcing the equality of the guided power before and after the application of this minor imaginary step.
V. CONCLUSION
Light propagation through -dependent structures has been considered through the development of a full vector BPM. The coupling between all three components is taken into account and the split-operator concept is used to develop the corresponding numerical scheme. The propagation step for the transverse field is decomposed into four types of operators: homogeneous propagation, phase adjustment, polarization rotation, and cross-coupling operator. The axial component is solved by the application of a Crank-Nicolson FD scheme. Three different numerical procedures are developed and assessed based on the FFT, the Padé approximation, and the ADI, respectively. All three procedures are found to be consistent within a few percent. The most robust and numerically efficient one is the ADI procedure. Numerical results for the electric field distribution, correlation factors, and power loss are given for a Y-junction structure with a rib waveguide profile and they are compared to the ones obtained by other BPM formulations.
